In this paper, the optimization of gyroklystron efficiency is investigated by employing a two-step procedure. As a first step, the prebuncher is analyzed using a small signal approximation, since the cavity(ies) here serve mainly to modulate slightly the velocities of the electrons, which will be bunched in the field-free drift section(s). It is found that the electrons entering the energy extraction cavity can be characterized entirely by only two dimensionless parameters: a bunching parameter q and a relative phase 0. The numerical simulation of the extraction cavity, based on the nonlinear pendulum equations describing the interaction between the electrons and the rf field, supplemented by the initial conditions specified by q and ;, constitutes the second step. The final result of this two-step analysis is the efficiency, rj ,,pt optimized with respect to q, ; and the magnetic detuning parameter A. This efficiency depends only on the normalized cavity length js and the normalized rf field F of the energy extraction section. The efficiency as well as the conditions required to attain this optimum (qopt, Aopt, and kopt) are presented as contour plots on the (F, p) plane and can be used efficiently to design gyroklystrons of any frequency and output power.
I. INTRODUCTION
In a single-cavity gyrotron, the energy extraction occurs in the same cavity as the phase bunching. However, for efficiency improvement, the multiple cavity gyrotron (or gyroklystron) may be advantageous because the electrons entering the energy extraction cavity have their phase angles properly bunched in the previous cavity(ies). In addition, mode locking by the prebunching cavity(ies) can be effective in the output cavity, which results in a stable single-mode operation.
Experiments with a two-cavity gyroklystron amplifier operating at 28 GHz were reported in Ref.
1. An impressive gain of 40 dB was obtained, but only an efficiency of 10% was observed, probably due to spurious oscillations in the drift tube connecting the two cavities. Recently, Bollen et al. 2 reported efficiencies as high as 30% in their three-cavity gyroklystron, achieving a maximum output power of 51 kW.
The theoretical analysis of the gyroklystron usually consists of numerically integrating the equations of motion of the relativistic electrons subject to the rf fields in each cavity'.
The main drawback of this brute force method is the large number of parameters (even for a two-cavity device) needed in the calculations, which prevents the extensive parametric studies of the gyroklystron efficiency that are necessary for optimum design. On the other hand, analytical small-signal calculations, based on Vlasov-Maxwell formalism 4 or on single-particle equations of motion 5 , although useful for providing some physical insights, are not sufficient for an accurate description of the gyroklystron performance.
In this paper, a linear approximation is used to analyse the electron phase bunching, which is shown to be characterized by a bunching parameter q. The nonlinear equations, describing the strong interaction between the beam and the rf fields in the energy extraction cavity are then solved numerically to obtain the output efficiency. Moreover, by employing a normalization procedure well known in the Soviet gyrotron literature (see e.g., Ref.6) , an extensive parametric analysis is carried out for the gyroklystron operating at the fundamental. As a result, the optimum perpendicular efficiency of the gyroklystron, rji, as well as the conditions for obtaining this optimum (the detuning parameter A, the bunching parameter q, and the relative phase of the rf field ;b), depend only on two parameters: the normalized length of the energy extraction cavity p and the normalized beam current I (or the normalized rf field amplitude F). The results of this comprehensive analysis are very general and can be applied to the design of a gyroklystron of any frequency and power, operating either in the amplifier regime or in the locked oscillator mode. It should be noted that Ergakov et. al ' have performed similar calculations for a two-cavity gyroklystron with feedback; the case we consider here has no feedback.
The paper is organized in the following manner. In Section II, the basic equations of the interaction between the beam and the rf fields, as well as the normalized parameters used in this paper, will be briefly summarized. In Section III, a linear analysis, based on these equations is done for the prebuncher of a two-cavity gyroklystron. Extension to the general multiple-cavity gyroklystron is also examined. Section IV is devoted to the discussion of the numerical results obtained by a nonlinear analysis of the energy-extraction cavity. Finally, the conclusions of this paper will be presented in Section V.
II. BASIC EQUATIONS
In Ref.8, Fliflet et al. gave a very detailed derivation of the slow time scale equations for an annular electron beam interacting with the circular TEmp electric field given by
where Jm is the Bessel function, f(z) describes the axial profile of the rf field (normalized such that its maximum value is one) and k 1 is the transverse wave number
where vmp is the pth nonzero root of j,, and R, is the cavity radius; in gyrotron resonators
In this derivation, a single-mode interaction and a weakly relativistic electron approximation (n#'/2 < 1, where n is the cyclotron harmonic number) have been used. Furthermore, by redefining the dependent and independent variables according to (in the following, the subscript "o" denotes quantities at the entrance of the interaction region)
where 0 is the fast time scale phase angle of the electron, t, is the time when the electrons enter the interaction region and I is the relativistic factor -y = (1 -#2 -P20)-1, it can be easily shown that the equations of motion for the electrons given in Ref. with p(g i) = 1 and O(Gin) = 80, 0, being distributed over [0,27r) . In this study, we use for f a fixed Gaussian profile given by
In the energy extraction cavity, the limits in = -v'3pt/2 and gout = V3//2 are taken because they are a good approximation to actual tapered gyrotron resonators 6 ' 1 1 . In the prebunching cavities, the same limits are chosen but, since linear theory applies for those cavities, the results are insensitive to the choice of limits. As a result, for a given initial distribution of 0, the system (4) is parametrized only by the normalized cavity length A, the normalized field amplitude F and the frequency detuning parameter A defined by
where L is the cavity length, B, is the static magnetic field, Re is the beam radial position and wco = eBO/-0 m, is the relativistic cyclotron frequency.
The perpendicular electron efficiency can be obtained by performing an average over the initial phase angles 00:
The total electronic efficiency rie1 is simply related to r7 by ri1 = y 0 fiL/ reduce to dp -Fcos(kyg
where k is the wavenumber (k = 27r/A), yg is the coordinate of the electron guiding-center along the axis of the mirrors and f( ) is still given by Eq.(5). Except for the detuning parameter A, the other dimensionless parameters should be modified according to
Here, d is the mirror spacing and wo is the radiation beam waist. For an annular beam (yg = Re sin a, a E [0,27r] ), an additional average over the electron guiding centers yg should be done to obtain the efficiency for a quasi-optical gyrotron. However, for a pencil beam (kyg = const.), Eqs. (14) are exactly the same as Eqs. (4). This implies that most of the results of this paper will be applicable for both waveguide and quasi-optical (in the pencil beam limit) gyrotrons.
III. LINEAR ANALYSIS
In a gyroklystron device, a prebuncher consists of a cavity followed by a drift section which is designed (in the ideal case) in such a way that no rf field can be excited. The prebuncher cavity serves mainly to modulate slightly the transverse momentum of the electron beam, and, due to the energy dependence of the relativistic mass of the electron, the inertial bunching mechanism will take place in the drift section. As a result, provided that the phase of the rf field of the energy extraction cavity has an appropriate value, the bunched electrons will interact efficiently with the cavity field. Additional cavities in the prebuncher can be useful in improving the bunching effects while keeping the length of the drift section as well as the field amplitude F in the cavities at a reasonably small value.
A. Two-cavity gyroklystron
Let us first consider the case of only one cavity in the prebuncher. Since F is small, the pendulum equations, Eqs. (4) with n = 1 (in the rest of this paper, only the fundamental cyclotron resonance is considered), we get the following system of linearized equations dp (()
The first two equations describe the unperturbed state of the electron beam 
where the function G is defined by 
The first two terms within the braces in Eq. As a result, the electron phase angles, at the input of the second cavity, can be parametrized by a bunching parameter q which is defined in terms of the characteristics of The small-signal efficiency in the second cavity can be calculated by solving the linearized equations (17) with the initial conditions specified by Eqs. (19) and (25) . To the first order in F, and F 2 , the transverse momentum at the output of the second cavity is
Making use of Eqs. (7), (25) and (26), we obtain for the second cavity. For any given current 12, the cavity will oscillate and, using the power balance, Eq.(9), the field amplitude F is given by
The optimum efficiency in the small-signal regime will take place when and is equal to 7 l,opt = 1.03 F 21 2 (31.d)
As will be found in the Section IV where nonlinear calculations will be performed, values of qopt even higher than 1.84 are required to obtain optimum energy extraction in the strong field F region. Although one can achieve arbitrarily high values for the bunching parameter by choosing the operating A, and 1A close enough to the starting current It of the first cavity (in order to obtain high F), it can result in a very unstable operation because small perturbations of the device parameters such as the magnetic field or the beam current lead to large changes in q. On the other hand, increasing the prebuncher length to increase q [see Eq.(24.b)] could deteriorate the electron bunching in the drift section, due to the effects of the electron velocity spread 1 , 3 . From these considerations, the power needed to drive the first cavity must be sufficient to attain the desired value of q for optimum efficiency of energy extraction and stable operation. This power can be fairly high in some cases. In order to alleviate this constraint, a gyroklystron with many prebuncher cavities will be considered.
B. Multiple cavity gyroklystron
The analysis of such a scheme can be done by a straightforward extension of the previous one. In this analysis, we assume that there is modest gain from cavity to cavity except for the last (energy extraction) cavity, and that linear theory can be used to describe each cavity in the prebuncher. We also assume that the inertial bunching dominates where the approximation J, (q) s-q/2 has been used. The bunching parameter q,, produced by the first cavity can be determined simply by invoking the power balance between the input power, the power absorbed (or emitted) by the electron beam and the power lost by the cavity (wall heating, diffraction). The requirement that the first cavity does not self oscillate is fulfilled if I, min,,, where Imtn,i is the threshold current defined in Eqs. (12) and (13). Thus, using q, and Eqs. 
IV. NONLINEAR ANALYSIS
As the bunched electrons flow through the energy extracting cavity, a strong interaction between the electrons and the resonator rf field will take place if the field phase has an adequate value. The mechanism of this interaction is described by the nonlinear pendulum equations (4) the Imin-curve is precisely the rlj = 0 isoefficiency contour). In this region, which can be referred to as the amplifier regime, high efficiency occurs for a short cavity length and near the boundary I = Imi where efficiency higher than 60% can be obtained for t :; 7. Higher efficiency can be reached in the I > Immn region which can be referred to as the locked oscillator regime since the cavity can still oscillate even when the prebunching is turned off.
From Fig.3 , it can be seen that the maximum efficiency peak of 90.8%, mentioned above requires a beam current 16.7 times higher than Imn. The next efficiency peak occurs at it = 22 and I = 193 Imin. Such large currents could lead to problems regarding the stability of the working mode against competing parasitic modes' 6 .
V. CONCLUSION
From a linear analysis of the prebuncher where the weak-field approximation can be assumed, a simple two parameter model for the bunched electron beam was derived for a two-cavity gyroklystron. For a multiple-cavity device designed such that the gain per stage is modest, we have shown that the bunching can also be described by only two parameters.
A major result from the analysis of such device is the possibility of large gain enhancement by additional prebuncher cavities in a gyroklystron operating as an amplifier.
Utilizing the bunching model derived from linear theory, a thorough optimization was then carried out to determine the optimum efficiency of energy extraction in the output cavity, as a function of the normalized field amplitude F and the normalized (output) cavity length p. This optimum efficiency, as well as the different optimum parameters were presented in a convenient graphical form in Figs.1 and 3 , from which design studies (such as the ones discussed in Ref. 15 for a single-cavity gyrotron) can be performed efficiently for gyroklystrons of any frequency and output power. Furthermore, these results can be applicable for a quasi-optical gyroklystron when the electron beam radius is much smaller than the radiation wavelength (pencil beam), as pointed out in Section II.
The influences of the electron velocity spread (hot beam) and the space-charge field on the gyroklystron performance were not considered in this paper. However, the effect of velocity spread can be easily simulated by solving the pendulum equations (4) for a population of electrons having different velocities. The influence of the space-charge field can be taken into account by including an additional force term in the RHS of Eqs. (4) as shown by Bratman and Petelin". For a specific gyroklystron design, these additional calculations would be complementary to the performance curves obtained in this paper.
As a final remark, this two-step technique can be employed to analyze other devices based on prebunching of the beam such as the gyrotwystron. It can also be extended to the harmonic operation of these devices.
FIGURE CAPTIONS
Figure la The gyroklystron perpendicular efficiency r7-, optimized with respect to A, q and i, versus the normalized field amplitude F and the normalized cavity length it.
Figure lb The optimum frequency detuning parameter A. Figure 1c The optimum bunching parameter q. 
